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A recently proposed Asymptotically Safe cosmology provides an elegant mechanism towards un-
derstanding the nature of dark energy and its associated cosmic coincidence problem. The underlying
idea is that the accelerated expansion of the universe can occur due to infrared quantum gravity
modifications at intermediate astrophysical scales (galaxies or galaxy clusters) which produce local
anti-gravity sources. In this cosmological model no extra unproven energy scales or fine-tuning are
used. In this study the Asymptotically Safe model is confronted with the most recent observational
data from low-redshift probes, namely measurements of the Hubble parameter, standard candles
(Pantheon SnIa, Quasi-stellar objects), Baryonic Acoustic Oscillations (BAOs) and high redshift
probes (CMB shift parameters). Performing an overall likelihood analysis we constrain the free
parameters of the model and we test its performance against the concordance model (flat ΛCDM)
utilizing a large family of information criteria. We find that the Asymptotically Safe model is sta-
tistically equivalent with ΛCDM, hence it can be seen as a viable and very efficient cosmological
alternative.
I. INTRODUCTION
The discovery of a Higgs-like field at the CERN Large Hadron Collider [1] provides a verification of the reality
of the electroweak vacuum energy, and consequently of the cosmological constant problem. The latter is nothing
more than the simple statement, due to Zeldovich [2], that the quantum vacuum energy density contributes to the
energy-momentum of gravity equations.
Furthermore, the accelerated expansion of the universe [3]-[11] makes things even more intriguing. Dark energy
(DE) can be due to a time varying cosmological constant Λ(z) (for review see [12], [13], [14], [15]) that is connected to
the cosmic quantum vacuum energy, or it can be attributed to very different possible causes, as e.g. in [16]. Usually,
DE is connected with geometric or other fields (for DE reviews see e.g. [17]). In any case the existence of dark energy
is associated with another unsolved question, the cosmic coincidence problem. The latter urges for an explanation of
the recent passage from a deceleration era to the current acceleration stage.
In a recent work [18], a novel idea was proposed for solving naturally the dark energy issue and its associated cosmic
coincidence problem of recent acceleration. Remarkably, the correct amount of dark energy was generated without the
introduction of new fields in nature and arbitrary energy scales or fine-tuning. The solution is based on the observation
that the cosmic acceleration can be due to infrared gravity modifications at intermediate astrophysical scales which
effectively generate local anti-gravity sources. Such gravity modifications are predicted by the Asymptotic Safety (AS)
program for quantum gravity [19], [20]. AS makes possible every galaxy and/or galaxy clusters to be associated with
a non-negligible scale-dependent positive cosmological constant. According to the proposed explanation of DE in [18],
the overall net effect of all these homogeneously distributed local anti-gravity sources through the matching between
the local and the cosmic patches is the observed recent acceleration. In this scenario the effective dark energy depends
on the Newton’s constant, the galaxy or cluster length scales, and dimensionless order-one parameters predicted by
AS theory, without need of fine-tuning or introduction of new scales. Before the existence of these astrophysical
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2structures, anti-gravity effects are negligible. Thus, the recent cosmic acceleration is not a coincidence but a result of
the formation of Large Scale Structures (LSS) which is taking place in the matter dominated era.
During the last decades, numerous cosmological models have been proposed to explain DE. Therefore, it is necessary
to test all of them with the criterion of how well they describe the accelerated expansion of the universe. The
characteristics of the cosmic history can be deducted based on the luminosity distance of standard candles. The most
known category is supernovae Type Ia (SnIa). Fortunately, very recently the largest SnIa data set ever compiled
has become publicly available, namely the Pantheon sample [21]. There are also other standard candles such as
Gamma Ray Bursts (GRB) [22] or HII galaxies [23]. A second way to probe the expansion evolution uses the angular
diameter distance of standard rulers coming from clusters or Cosmic Microwave Background (CMB) sound horizon
detected through Baryon Acoustic Oscillations (BAOs) [24, 25], or using the CMB angular power spectrum [10].
Very recently, data from gravitational wave measurements, named as “standard sirens” [26], have been added to the
previous techniques.
Other significant techniques refer to dynamical probes of the expansion history [27] which use measures of the
growth rate of matter perturbations. Such methods provide information concerning the recent cosmic history at low
redshifts similarly to Type Ia supernova data [28]. Also, galaxies which evolve on a time scale much larger than
their age dispersion are among the best cosmic chronometers [29]. Notice that the direct measurements of the cosmic
expansion play an important role in these kind of studies. Indeed, several works have appeared in the literature that
use H(z) data in constraining the dark energy models (e.g. [30], [31]).
The structure of the article is as follows: In Sec. II we present, along with a short discussion of the Swiss cheese
models, some theoretical aspects of the Asymptotically Safe scenario and provide the basic cosmological equations
of the proposal introduced in [18]. In Sec. III we discuss the method and the observational data sets that we use
in order to constraint the free parameters of the model and we compare the AS and the ΛCDM models. Finally, we
summarize our conclusions in Sec. V.
II. ASYMPTOTICALLY SAFE GRAVITY AND COSMOLOGY
In this section we provide the main points of the Asymptotically Safe Swiss cheese model according to [18], ac-
companied with an explanation of its motivation and its nice properties that arise mainly from the underlying AS
theory.
A. Swiss cheese models
The so-called Swiss cheese model was first introduced by Einstein and Strauss [32]. This is a solution that succeeds
to describe both globally a homogeneous and isotropic universe and locally a Schwarzschild black hole. The matching
of the cosmological metric as the exterior solution with the local interior spherical solution is proven to occur across
a spherical boundary that stays at a constant coordinate radius of the cosmological frame but evolves in the interior
frame. Here, the Swiss cheese analysis is adopted as the simplest, but not necessarily the most realistic construction,
in order to implement the idea of a cosmic acceleration driven by local repulsive effects.
The setup consists of a 4-dimensional spacetime M with metric gµν and a timelike hypersurface Σ which splits M
into two regions. The first important quantity is the induced metric hµν = gµν − nµnν of Σ, with nµ the unit normal
vector to Σ pointing inwards the two regions. The second one is the extrinsic curvature Kµν = h
κ
µh
λ
νnκ;λ, where a
semicolon ; denotes covariant differentiation with respect to gµν . The requirement of continuity of spacetime across Σ
implies continuity on Σ of the parallel to Σ components hij , so hij should be the same calculated on either side of Σ.
In classical General Relativity with a regular matter content and vanishing distributional energy-momentum tensor
on Σ, the Israel-Darmois matching conditions [33] imply that the sum of the two extrinsic curvatures computed on
the two sides of Σ is zero. These are the two conditions for a smooth matching.
A slight generalization of Einstein-Strauss model can be derived matching a homogeneous and isotropic metric
smoothly to a general static spherically symmetric metric. The Friedmann-Lemaitre-Robertson-Walker (FLRW)
metric is of the form
ds2 = −dt2 + a2(t)
[
dr2
1− κr2 + r
2
(
dθ2 + sin2θ dϕ2
)]
, (2.1)
where a(t) is the scale factor and κ = 0,±1 characterizes the spatial curvature (in the above equation we have set
c = 1). Here, a “spherical” boundary is described by a fixed coordinate radius r = rΣ with rΣ constant, where of
course this boundary experiences the universal expansion. The interior part of the spacetime, with r ≤ rΣ, consists
3of a static spherically symmetric metric given in Schwarzschild-like coordinates by
ds2 = −J(R)F (R)dT 2 + dR
2
F (R)
+R2
(
dθ2 + sin2θ dϕ2
)
, (2.2)
where J, F > 0. Since the 2-dimensional sphere (θ, ϕ) is common for both metrics (2.1), (2.2), the location of Σ for
the metric (2.2) is a function of t only, i.e. T = TS(t), R = RS(t), where the subscript S is after Schucking and RS is
called Schucking radius.
The matching requirements provide the following equations for RS ,
RS = arΣ (2.3)(dRS
dt
)2
= 1−κr2Σ − F (RS) (2.4)
d2RS
dt2
= −F
′(RS)
2
(2.5)
J ′(RS) = 0 (2.6)
(with a prime denoting differentiation with respect to R), plus another two differential equations for TS that are not
important here. The successful matching has proved that the choice of the matching surface Σ was the appropriate
one. Equations (2.4), (2.5) provide through (2.3) the cosmic evolution of the scale factor a. Of course, in order for
this evolution to represent a spatially homogeneous universe, not just a single sphere of comoving radius rΣ should
be present, but a number of such spheres are uniformly distributed throughout the space. Each such sphere can
be physically realized by an astrophysical object, such as a galaxy (with its extended spherical halo) or a cluster of
galaxies.
It is common to assume that the matching radius rΣ is such that filling the interior solid with energy density equal
to the cosmic matter density ρ, the interior energy equals the characteristic mass M of the astrophysical object, i.e.
rΣ =
( 2GNM
Ωm0a30H
2
0
)1
3
, (2.7)
where the matter density parameter is Ωm =
8piGNρ
3H2 =
2GNM
r3
Σ
a3H2
and a0 can be set to 1 for κ = 0 (which is the case of our
interest in the present work). To give an estimate of rΣ, setting Ωm0 = 0.3, for a typical galaxy mass M = 10
11M⊙
we get rΣ = 0.83Mpc, while for a typical cluster mass M = 10
15M⊙ it arises rΣ = 18Mpc (M⊙ is the solar mass). A
typical radius of a spiral galaxy (including its dark matter halo) is Rb ≈ 0.15Mpc, while the mean distance between
galaxies is a few Mpc, thus rΣ is above the galaxy size and the Schucking radii of two neighboring galaxies do not
overlap, which is interesting although the Swiss cheese is only an approximation to the real cosmos. Similarly for the
clusters, the radii have a larger range from Rb ≈ 0.5Mpc to Rb ≈ 5Mpc, and depending on the distance between the
outer boundaries of two nearby clusters, still no overlapping can occur between the Schucking regions.
The proposal of the work [18] is that the dark energy is related to the presence of structure, not due to averaging
processes of inhomogeneities/anisotropies in the universe [34], but mainly due to the existence of anti-gravity sources
related to these astrophysical structures. Therefore, since these matter configurations are formed recently at relatively
low redshifts, dark energy is also generated recently, possibly explaining the coincidence as a consequence of the
structure. Various gravitational theories could be investigated in the context of this scenario and test to what extent
of the parameters the corresponding cosmologies comply with the apparent acceleration, the relation ρ0 ∼ ρDE,0 and
other data.
When a constant cosmological term is added to the Schwarzschild metric, the well-known Schwarzschild-de Sitter
metric arises,
ds2 = −
(
1− 2GNM
R
− 1
3
ΛR2
)
dT 2 +
dR2
1− 2GNMR − 13ΛR2
+R2
(
dθ2 + sin2 θdϕ2
)
. (2.8)
It is apparent that J(R) = 1, satisfying (2.6). This metric can be motivated from quantum gravity inspired or modified
gravity models that justify the appearance of this constant value Λ. Using (2.3), (2.7), equations (2.4), (2.5) take the
form
H2 +
κ
a2
=
8piGN
3
ρ+
Λ
3
(2.9)
a¨
a
= −4piGN
3
ρ+
Λ
3
(2.10)
4with H = a˙/a the Hubble parameter. Although equations (2.9), (2.10) are the standard cosmological equations of the
ΛCDM model, here the Λ term appearing in the black hole metric (2.8) has a very distinctive meaning. First, this Λ
is of astrophysical origin, an average of all anti-gravity sources inside the Schucking radius of a galaxy or cluster, or it
can even arise from astrophysical black holes in the centers of which the presence of a repulsive pressure could balance
the attraction of gravity avoiding the singularity. Second, it is expected that it arises due to quantum corrections of
a concrete quantum gravity theory. Third, before the formation of all these structures, the total Λ is zero, thus in
reality the Λ of (2.9), (2.10) is a function of the redshift z, which decreases at larger z, possibly solving the coincidence
problem, while ΛCDM model, with a universal constant related to the vacuum energy, cannot.
The Schwarzschild-de Sitter metric can be progressed to a quantum improved Schwarzschild-de Sitter metric with
the hope to describe more accurately the proper astrophysical object. This metric has the form
ds2 = −
(
1− 2GkM
R
− 1
3
ΛkR
2
)
dT 2 +
dR2
1− 2GkMR − 13ΛkR2
+R2
(
dθ2 + sin2 θdϕ2
)
, (2.11)
where now both Newton’s constant Gk and cosmological constant Λk are functions of a characteristic energy scale
k of the system determined by the quantum gravity theory in use. In principle this energy scale k is expected to
be a function of the distance from the center of the spherical symmetry. However, we are interested to study the
cosmic evolution through the Swiss cheese approach, which means that only the value RS (or the corresponding
energy value kS) is relevant since only this enters the differential equations (2.4), (2.5). If Gk is almost equal to the
constant observed value GN , while the quantum gravity model provides only ultraviolet corrections to Λ, then cosmic
acceleration cannot be generated due to the negligible magnitude of Λ at large distances of the order of Schucking
radius. Therefore, the existence of infrared (IR) corrections of Λ are vital.
B. Asymptotically Safe Gravity as solution of the problem
Asymptotic Safety is the framework that provides naturally the IR corrections that are needed for a successful
effective dark energy model of astrophysical origin. AS can provide and justify Gk,Λk as functions of the energy scale
k. The dimensionless running couplings gk, λk, defined by Gk = G(k) = gkk
−2 , Λk = Λ(k) = λkk2, are governed by
some Renormalization Group (RG) flow equations. The analytical expressions for gk, λk are not completely clear of
ambiguities, so it is not still very accurately known what is the real trajectory in the space of gk, λk that was followed
by our universe. Therefore, it is not definitely known at which exactly point of this trajectory the classical General
Relativity regime, with a constant GN and negligible Λ, arises.
AS attracted the interest of the scientific community since at the transplanckian energy scales (k → ∞) a Non-
Gaussian fixed point (NGFP) exists [35], where gk, λk become constant (G approaches zero, while Λ diverges) and
gravity becomes renormalisable in a non perturbative way. There is another fixed point, the Gaussian fixed point
(GFP) [36] at g = λ = 0, where in its linear regime, G is approximately constant and Λ displays a running behavior
proportional to k4. Finally, at the far infrared limit (k → 0) [37], the behavior of the RG flow trajectories with
positive G,Λ cannot be accurately predicted since the RG running stops to be valid as λk reaches 1/2, where an
unbounded growth of G appears together with a vanishingly small Λ (interestingly enough the divergence of the
beta functions happens near k = H0), therefore the exact current value of Λ is unknown. Since the present universe
possesses rather an anti-screening instead of a screening behavior, the far infrared limit will most probably describe
the future late-times cosmic evolution. The proposal in [18] does not concern the far infrared energy scales, but refers
to the intermediate infrared corrections of astrophysical structures scales. It was shown that the observed dark energy
component and the recent cosmic acceleration can be generated by such AS quantum corrections of the cosmological
constant at the galactic or cluster of galaxies scale without fine tuning or any obvious conflict with local dynamics. The
Swiss cheese cosmological model was used with interior metric the AS inspired quantum improved Schwarzschild-de
Sitter form (2.11) [38].
As mentioned, the energy measure k has to be associated with a characteristic length scale L, k = ξ/L, where ξ is
a dimensionless order-one number. The reasoning is that the closer to the center of spherical symmetry, the larger
the mean energy is expected to be. A simple option is to set as L the radial distance R from the center, which is
not particularly successful in our proposal and will not be considered further. A more natural option is to set as L
the proper distance D > 0 [39], which is also the choice that leads to singularity avoidance/smoothening [40]. For a
radial curve with dT = dθ = dϕ = 0 from R1 towards a point with coordinate R is given by
D(R) =
∫ R
R1
dR√
F (R) . (2.12)
5Since k enters (2.11), F is not an explicit function of R but it depends also on D, so F (R) means F (R, D(R)). Thus,
(2.12) is an integral equation which can be converted to the differential equation
D′(R) =
1√
F (R)
. (2.13)
This is a complicated equation since F depends on D(R), whose solution is D(R;σ) with σ an integration constant.
In the Swiss cheese analysis, σ is determined from the correct amount of present dark energy. Since the matching
of the interior with the exterior metric happens at the Schucking radius, only kS = ξ/DS enters the cosmological
evolution, where DS(RS) is the proper distance of the Schucking radius changing in time. Based on (2.4), (2.3), we
get
H2 +
κ
a2
=
2G(RS)M
r3Σa
3
+
1
3
Λ(RS) . (2.14)
From the AS studies, there are indications [37] that for k → 0 an infrared fixed point exists, where the cosmological
constant runs as Λk = λ
IR
∗ k
2 (λIR∗ > 0). In [18], it was reasonably assumed that, at the intermediate astrophysical
scales, the above IR fixed point has not yet been reached, but deviations from the exact k2 law occur inside the objects
of interest. Since the astrophysical structures are still large compared to the cosmological scales, the functional form
of Λk is expected to differ slightly from its IR form k
2, so a power law Λk ∼ kb, with b close to the value 2, is a fair
approximation of the running behavior [14]. In order for the astrophysical value of Λk to get enhanced, it seems more
reasonable that b is slightly larger than 2, as is indeed verified by the successful dark energy model. Additionally,
the gravitational constant Gk was considered to have the constant value GN at observable macroscopic distances, in
agreement with the standard Newton’s law. In total, our working assumption for the running couplings is
Gk = GN , Λk = γk
b , (2.15)
where γ > 0, b are constant parameters. The dimension of γ is mass to the power 2 − b and it is convenient to be
parametrized as γ = γ˜G
b
2
−1
N with γ˜ a dimensionless number; a successful γ˜ is of order one, which means that no
new scale is needed and the coincidence problem might be explained without fine-tuning. In addition, in order to
have the correct amount of dark energy, the quantity D at the Schucking radius today, DS0, which can be considered
as an integration constant, as well as the whole function D(R), turn out to be of order rΣ that is naturally of
the size of the astrophysical object, so again no new scale is introduced. The new cosmological constant term is
1
3ΛkR
2 = ξ
bγ˜
3
[
1
GN
(√
GN
rΣ
)b]( rΣ
D
)b
R2 and it seems quite interesting that for b close to 2.1 the quantity 1GN
(√
GN
rΣ
)b
is very
close to the order of magnitude of the standard cosmological constant Λ ≃ 4.7 × 10−84GeV2 of ΛCDM. The factor(
rΣ
D
)b
contributes a small distance-dependent deformation, which is however important for the precise behavior of the
derived cosmology. Therefore, the hard coincidence of the standard Λ ∼ H20 , has here been exchanged with a mild
adjustment of the index b close to 2.1, which turns out to satisfy 1GN
(√
GN
rΣ
)b ∼ H20 .
To give a few more details, it was shown in [18] that the Hubble evolution is given by the system
H2 +
κ
a2
=
2GNM
r3Σa
3
+
γξb
3DbS
(2.16)
D˙S =
rΣaH√
1− 2GNMrΣa −
γξbr2
Σ
a2
3Db
S
, (2.17)
where the variable DS is of geometrical nature, as explained above, with its own equation of motion. Defining the
positive variable
ψ˜ =
γξb
3H20D
b
S
, (2.18)
which plays the role of dark energy with ρDE =
3H2ΩDE
8piGN
=
3H2
0
8piGN
ψ˜ and ψ˜0 = ΩDE0, we obtain the equations
H2
H20
= Ωm0(1+z)
3 + ψ˜ +Ωκ0(1+z)
2 (2.19)
dψ˜
dz
=
3
1
b b(GNH
2
0 )
1
b
− 1
2 ψ˜1+
1
b
ξγ˜
1
b (1+z)2
√
1
r2
Σ
a2
0
H2
0
− Ωm0(1+z)− ψ˜(1+z)2
, (2.20)
6where Ωκ0 = −κ/(a20H20 ). To a very high accuracy (higher than 0.02% for clusters and higher than 0.00005% for
galaxies) the differential equation (2.20) is approximated by
dψ˜
dz
=
3
1
b b
ξγ˜
1
b
(GNH
2
0 )
1
b
rΣa0√
GN
ψ˜1+
1
b
(1+z)2
, (2.21)
whose integration gives the Hubble evolution
H2(z)
H20
= Ωm0(1+z)
3 +
[
Ω
− 1
b
DE0 −
3
1
b
ξγ˜
1
b
(GNH
2
0 )
1
b
rΣa0√
GN
z
1+z
]−b
+Ωκ0(1+z)
2 , (2.22)
which is extremely good approximation for all recent redshifts that our model is interested to cover. The positiveness
of ψ˜ implies that
ξbγ˜ >
3ΩDE0
(1+z−1max)b
GNH
2
0
( rΣa0√
GN
)b
, (2.23)
where zmax = O(1) is a redshift such that the model should be defined in the range (0, zmax). Equation (2.22) will
be tested against observations in Sec. III for κ = 0. If both sides of the inequality (2.23) are of the same order, all
terms in (2.22) - with the exception of the spatial curvature - become equally important. With a theoretically favored
value of b close to its IR value 2, e.g. with b = 2.13 for galaxy or b = 2.08 for cluster, one obtains GNH
2
0
(
rΣ√
GN
)b ∼ 1
and it can easily be chosen γ˜ ∼ 1 satisfying (2.23), thus indeed no new mass scale is introduced for the explanation
of dark energy other than the astrophysical scales. Additionally, it can be seen that the value of D at the today
matching surface is DS0 ∼ rΣ, while the precise value of DS0 depends on ΩDE0 and is determined in agreement with
the measured dark energy. If the initial condition DS0, which is the proper distance of the current matching surface,
was not of the order of the size of the astrophysical structure, then it would be just the integration constant of an
extra field and would introduce another unnatural scale. Not only DS0, but the whole function DS(z) remains for all
relevant z of the order of rΣ.
The acceleration is very well approximated, as before for H(z), by the expression
a¨
H20a
= −1
2
Ωm0(1+z)
3 +
[
Ω
− 1
b
DE0 −
3
1
b
2ξγ˜
1
b
(GNH
2
0 )
1
b
rΣa0√
GN
b+2z
1+z
][
Ω
− 1
b
DE0 −
3
1
b
ξγ˜
1
b
(GNH
2
0 )
1
b
rΣa0√
GN
z
1+z
]−1−b
. (2.24)
The current value of the deceleration parameter q = −a¨/(aH2) obtains the form
q0 =
1
2
Ωm0 − ΩDE0 + 3
1
b b
2ξγ˜
1
b
Ω
1+ 1
b
DE0(GNH
2
0 )
1
b
rΣa0√
GN
. (2.25)
For comparison with ΛCDM, we present here the corresponding expression,
qΛCDM0 = −1 +
3
2
Ωm0 . (2.26)
It is easy to observe from the last two expressions that the current value of the deceleration parameter q0 in (2.25) is
smaller (as absolute value) than qΛCDM0 .
Setting a¨ = 0 in (2.24), it is possible to evaluate the transition redshift zt from deceleration to acceleration. The
condition a¨|0 > 0 is equivalent to
ξbγ˜ >
3bbΩ1+bDE0
(2ΩDE0−Ωm0)b GNH
2
0
( rΣa0√
GN
)b
, (2.27)
which is stronger than (2.23), so (2.23) can be forgotten. Finally, the effective dark energy pressure and its equation-
of-state parameter are given by (for more details see [18])
8piGN
H20
pDE =
[ 3 1b
ξγ˜
1
b
(GNH
2
0 )
1
b
rΣa0√
GN
b+3z
1+z
− 3Ω−
1
b
DE0
][
Ω
− 1
b
DE0 −
3
1
b
ξγ˜
1
b
(GNH
2
0 )
1
b
rΣa0√
GN
z
1+z
]−1−b
(2.28)
wDE =
[3 1b−1
ξγ˜
1
b
(GNH
2
0 )
1
b
rΣa0√
GN
b+3z
1+z
− Ω−
1
b
DE0
][
Ω
− 1
b
DE0 −
3
1
b
ξγ˜
1
b
(GNH
2
0 )
1
b
rΣa0√
GN
z
1+z
]−1
. (2.29)
7The present-day value is
wDE0 = −1 + 3
1
b
−1b
ξγ˜
1
b
Ω
1
b
DE0(GNH
2
0 )
1
b
rΣa0√
GN
, (2.30)
thus wDE0 gets larger values than the ΛCDM value −1. To give an example of a successful (in principle) model, for
clusters with b = 2.08, ξ = 9, γ˜ = 5, it is q0 = −0.50, zt = 0.68, wDE0 = −0.95 and the function ΩDE(z) exhibits a
decreasing behavior in agreement with observations, while q shows a passage from deceleration to acceleration at late
times.
As a final comment, we mention that a preliminary analysis has shown that there is no obvious contradiction
between the model discussed and the internal dynamics of the astrophysical object. The potential and the force due
to the varying cosmological constant term are small percentages of the corresponding Newtonian potential and force,
where the precise values depend on the considered structure and the considered point at the boundary of the object
or inside. Certainly, the estimation of the anti-gravity effects inside the structure is an issue that deserves a more
thorough investigation. Therefore, our pursuit would be to show that dark energy is explained from AS gravity and
the knowledge of structure, without the introduction of new physics or new scales and with no conflict with the local
dynamics of the object.
III. FITTING THE AS SWISS CHEESE COSMOLOGY TO THE OBSERVATIONAL DATA
In this section we present the statistical methods and the cosmological data that we use in order to put constraints on
the AS Swiss cheese model described in the previous section. Specifically, we employ direct measurements of the Hubble
parameter, the standard candles (Pantheon SnIa and Quasi-Stellar Objects) and Baryonic Acoustic Oscillations
(BAOs) together with the CMB shift parameters based on Planck 2015.
Considering a spatially flat FLRW metric, we can rewrite the Hubble parameter of the AS cosmology (2.22) as
follows
E2(z, φν) = Ωm0(1+z)
3 +
(
Ω
− 1
b
DE0 +A
z
1+z
)−b
, (3.1)
where E(z) = H(z)/H0, ΩDE0 = 1− Ωm0 and the dimensionless constant A is given by
A = − 3
1
b
ξγ˜
1
b
G
1
b
NH
2
b
0
rΣa0√
GN
. (3.2)
Obviously the parameter A quantifies the deviation from the concordance ΛCDM model. Also, prior to the present
epoch z → 0, the Hubble expansion of the current model tends to that of ΛCDM.
Our aim is to constrain the free parameters of the model with the aid of the maximum likelihood analysis. The latter,
in the absence of systematic effects and for Gaussian errors, is identical to minimizing the χ2 function in terms of the
free parameters φν . In this case the statistical vector is φν = (Ωm0, A, h), where h = H0/100. In order to minimize
χ2 with respect to φν , we employ the Markov Chain Monte Carlo (MCMC) algorithm of Ref. [41], implemented
within the Python package emcee [42]. The convergence of the algorithm was checked with auto-correlation time
considerations and also with the Gelman-Rubin criterion [43].
As mentioned above, the theoretically favored values of b (Λk ∝ kb) are close to its IR value 2, with indicative such
values b = 2.13 and b = 2.08 corresponding to galactic and cluster scales respectively [18]. Here, we utilize b = 2.08.
However, we have tested that the likelihood analysis provides very similar results for a whole range of the b values
close to the predicted IR value 2.
A. Data and Methodology
1. Hubble parameter data
We use the most recent H(z) data as collected by [44]. This set contains N = 36 measurements of the Hubble
expansion in the following redshift range 0.07 ≤ z ≤ 2.33. Out of these, there are 5 measurements based on BAOs,
while for the rest, the Hubble parameter is measured via the differential age of passive evolving galaxies. Generally,
concerning the H(z) data, there are two possible ways to proceed, namely (a) to use the measures of H(z) from the
differential ages of passively evolving galaxies (the so called Cosmic Chronometer data - hereafter CC) and (b) to
8utilize the full data-set which consists H(z) measurements from both CC and BAOs observations. In our work we
decide to follow the second avenue. However, we also explore the first avenue, namely to use H(z) data from CC only
and to include a recent BAO dataset to our likelihood analysis (see Appendix for the relevant discussion). Here, the
corresponding χ2H function reads
χ2H (φ
ν) =HC−1H,covHT , (3.3)
where H = {H1 − H0E(z1, φν) , ... , HN − H0E(zN , φν)} and Hi are the observed Hubble rates at redshifts zi (i =
1, ..., N). Notice, that the matrix C will denote everywhere the corresponding covariance matrix. For more details
regarding the statistical analysis and the corresponding covariances we refer the work of [45] and references therein.
However, we checked that our results are in agreement within 1σ with the relevant results from the (a) option along
with BAOs data, where we used data and method presented in [46]. This point and the relevant results are discussed
further at the next section.
2. Standard Candles
Concerning the standard candles we include in our analysis the binned Pantheon set of Scolnic et al. [21] and the
binned sample of Quasi-Stellar Objects (QSOs) [47]. We would like to stress that the combination of the Pantheon
SnIa data with those of QSOs opens a new window in observational cosmology, namely we trace the Hubble relation
in the redshift range 0.07 < z < 6, where the dark matter and the dark energy dominate the cosmic expansion. Notice
that the chi-square function of the standard candles is given by
χ2s (φ
ν
s ) = µsC
−1
s,covµ
T
s , (3.4)
where µs = {µ1−µth(z1, φν) , ... , µN −µth(zN , φν)} and the subscript s denotes SnIa and QSOs. For the supernovae
data the covariance matrix is not diagonal, while we have µi = µB,i −M, where µB,i is the approximate distance
modulus at redshift zi and M is treated as a universal free parameter [21]. It is easy to observe that M and h
parameters are fundamentally degenerate in the context of the binned Pantheon data set, so we cannot extract any
information regarding H0 from SnIa data alone. In the case of QSOs, µi is the observed distant modulus at redshift zi
and the covariance matrix is diagonal. For both SnIa and QSOs, the theoretical form of the distance modulus reads
µth = 5 log
(
DL
Mpc
)
+ 25 , (3.5)
where DL = c(1 + z)H
−1
0
∫ z
0
E−1(x, φν )dx is the luminosity distance.
3. CMB shift parameters
Traditionally, every cosmological model that is to be considered as an alternative of the ΛCDM needs to be
confronted also with CMB shift parameter data. The AS Eq. (3.1) is valid for small redshifts since the included
anti-gravity effects emerge only in the presence of structures. However, it is significant for Eq. (3.1) to be able to
provide a smooth matching with a matter dominated early universe. Indeed, at large enough redshifts (z ≫ 1), this
equation is approximated by an effective ΛCDM model H2 ≈ Ωm0H20z3 + Λeff/3, where the value of the effective
cosmological constant is Λeff = 3H
2
0
(
Ω
−1/b
DE0 + A
)−b
. The successful values of the parameters, to be presented later
from the fittings, imply that Λeff is of order H
2
0 , therefore this cosmological constant term becomes negligible as z
increases. As a result, although we will not enter in this work into a discussion of the perturbations of the considered
model, we expect that these will remain very close to the perturbations of the concordance ΛCDM model at higher
redshifts and only present modifications at recent z’s. Since measurements of the growth rate fσ8 exist for relative
small z < 2, perturbations of the AS model could be calculated and compared to the ΛCDM results; however, the
background cosmological Eq. (3.1) is not sufficient for this, but the full gravity equations should be derived considering
the same AS anti-gravity effects. Now, an accurate and deep geometrical probe of dark energy is the angular scale of
the sound horizon at the last scattering surface as encoded in the location of the first peak of the CMB temperature
spectrum. This geometrical probe is described by the following set of CMB shift parameters (la,R)
la = pi
r(z∗)
rs(z∗)
(3.6)
9R =
√
Ωm0H0DA(z∗)c−1 . (3.7)
The quantity DA is the angular diameter distance, namely DA = DL(1+ z)
−2, and rs is the co-moving sound horizon
which is given by
rs =
∫ t
0
cs(t
′)dt′
a(t′)
=
c
H0
∫ a
0
cs(a
′)da′
E(a′)a′2
, (3.8)
where the sound velocity is cs(a) = 1/
√
3(1 +Rba) with Rb = 31500Ωb0h
2(TCMB/2.7K)
−4 and TCMB = 2.7255K [48].
Also, the redshift of the recombination epoch z∗ is given from the fitting formula of [49] as
z∗ = 1048
[
1 + 0.00124(Ωb0h
2)−0.738
]× [1 + g1 (Ωm0h2)g2
]
, (3.9)
where the quantities g1, g2 are
g1 =
0.0783(Ωb0h
2)−0.238
1 + 39.5 (Ωb0h2)
0.763 , g2 =
0.560
1 + 21.1 (Ωb0h2)
1.81 (3.10)
and Ωb0 is the baryon density parameter at the present time.
We also add to the Hubble rate (3.1) the standard radiation term. The radiation density is taken equal to Ωr0 =
aeqΩm0, where aeq =
(
1 + 2.5Ωm0h
2104
(
TCMB
2.7K
)−4)−1
[50].
The chi-square estimator now reads
χ2CMB = (∆la,∆R,∆Ω∗) C−1CMB,cov (∆la,∆R,∆Ω∗)T , (3.11)
where ∆la = la − 301.77, ∆R = R− 1.7482, ∆Ω∗ = Ωb0 − 0.02226. The corresponding uncertainties are σl = 0.090,
σR = 0.0048, σΩ∗ = 0.00016, while the covariance matrix is Cij = σijcij , where σij is the uncertainty and cij the
elements of the normalized covariance matrix taken from [50].
It is well known that the measured CMB shift parameters are somewhat model dependent, but mainly for cosmo-
logical models that include massive neutrinos or those with a strongly varying equation of state parameter (which is
not our case). For a detailed discussion the reader may find more information in [51].
4. Joint analysis and model selection
In order to perform a joint statistical analysis of K cosmological probes (in our case K = 4), we need to use the
total likelihood function
Ltot(φω) =
K∏
k=1
exp(−χ2k) . (3.12)
This implies that the corresponding χ2tot expression is written as
χ2tot =
K∑
k=1
χ2k , (3.13)
where the total statistical vector has dimension ω, which is the sum of the ν parameters of the model at hand plus
the number νhyp of hyper-parameters of the data sets used, i.e. ω = ν + νhyp. It is important to note that from a
statistical point of view, the hyper-parameters quantifying uncertainties in the data set and the free parameters of
the cosmological model are equivalent. Moreover, we introduce in our analysis the so called information criteria (IC)
in order to test the statistical performance of the models themselves. In particular, we use the Akaike Information
Criterion (AIC) [52], the Bayesian Information Criterion (BIC) [53] and the Deviance Information Criterion (DIC) [54].
These criteria quantify the goodness of fit which is affected by the number of free parameters. From the theoretical
viewpoint, AIC is an asymptotically unbiased estimator of the Kullback-Leibler information which measures the
loss of information during the fit. The BIC criterion comes from Bayesian foundations, namely as an asymptotic
approximation of the marginal probability (i.e. Bayesian evidence) in the large sample limit (for discussion see [55]).
Lastly, the DIC criterion is constructed by combining the above two approaches [56].
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The corrected AIC estimator for small data sets (Ntot/ω < 40) is given by [57]
AIC = −2 ln(Lmax) + 2ω + 2ω(ω + 1)
Ntot − ω − 1 , (3.14)
where Lmax is the maximum likelihood of the data set(s) under consideration and Ntot is the total number of data.
Naturally, for largeNtot this expression reduces to the standard form of the AIC criterion, namely AIC = −2 ln(Lmax)+
2ω.
The Bayesian Information Criterion reads
BIC = −2 ln(Lmax) + ω log(Ntot) . (3.15)
The AIC and BIC criteria employ only the likelihood value at maximum. In principle, due to the Bayesian nature
of our analysis, the accuracy of Lmax is reduced, meaning that the AIC and BIC values are meant to be used just
for illustrative purposes. In practice, however, by using long chains we obtain Lmax values with enough accuracy
to use them in order to calculate AIC and BIC. We have explicitly checked that the mean value of the likelihood is
approximately equal to the maximum of the likelihood within 1σ area.
The Deviance Information Criterion is defined as
DIC = D(φω) + 2CB . (3.16)
The DIC is given in terms of the so called Bayesian complexity CB which measures the power of data to constrain
the free parameters compared to the predictivity of the model which is given by the prior. Specifically, CB =
D(φω) − D(φω), where the overline denotes the usual mean value. The quantity D(φω) is the Bayesian Deviation,
where in our case it reduces to D(φω) = −2 ln(L(φω)).
An important tool for model selection is the relative difference of the Information Criterion (IC) value for a number
of models, ∆ICmodel = ICmodel − ICmin, where the ICmin is the minimum IC of each model under consideration.
If a given model has ∆IC ≤ 2, it is deemed statistically compatible with the “best” model, while the condition
2 < ∆IC < 6 indicates a middle tension between the two models, and subsequently the condition ∆IC ≥ 10 suggests
a strong tension [58].
IV. OBSERVATIONAL CONSTRAINTS
We use the above described data sets and analysis to constrain the free parameters of the Asymptotically Safe
Swiss cheese cosmological model presented in Sec. II. For completeness we also provide the constrains of the flat
ΛCDM model, and using the AIC, BIC and DIC tests, we compare its statistical performance with that of AS model.
Consequently, using the extracted values of the free parameters, we reconstruct the effective DE equation of state
(EoS) of the AS cosmology and we derive the current value of the deceleration parameter and the transition redshift.
Combining the direct measurements of the Hubble parameter and the observed Hubble relation given by
Pantheon and the QSOs data (H(z)/Pantheon/QSOs), we obtain the following results: (Ωm0, A, h,M) =(
0.270+0.019−0.018 , −0.122+0.117−0.106 , 0.684+0.013−0.012 , −19.400+0.034−0.035
)
with χ2min/dof = 84.463/97. Concerning the ΛCDM model
we find (Ωm0, h,M) =
(
0.281+0.016−0.015, 0.686 ± 0.013 , −19.403 ± 0.035
)
with χ2min/dof = 85.700/98. Inserting the
CMB shift parameters data in the analysis, the overall likelihood function peaks at (Ωm0, A, h,Ωb0h
2,M) = (0.303±
0.001 , 0.065+0.079−0.077 , 0.685± 0.009 , 0.0223± 0.0002 , −19.404± 0.020
)
and (Ωm0, h,Ωb0h
2,M) = (0.307+0.008−0.007 , 0.679±
0.006 , 0.0223± 0.0001 , −19.415 ± 0.015) for AS and ΛCDM models, respectively, with χ2min/dof = 89.774/99 and
χ2min/dof = 90.340/100. Evidently, taking into account the ∆ICs values from Table II, we observe that while AIC
and DIC criteria plead for statistical equivalence between ΛCDM and AS cosmology (that is ∆IC< 2), the BIC
criterion supports that there is a mild tension between the aforementioned models. The apparent discrepancy could
be explained by the fact that the BIC criterion is an asymptotic criterion, taken as N →∞. In our case, the dataset
length is not a parameter that must enter the model selection because we used data compactified with different ways
(i.e. binning). Consequently, we chose to consider the DIC criterion as the most reliable estimation of the relative
probability for each model to be closer to the reality, based on the fact that it uses all the accessible information for
the likelihood and not just its value at maximum and also bearing less suppositions. With both DIC and AIC criteria
we find ∆IC< 2 which implies that the AS and the ΛCDM models are statistically equivalent. Notice that in Table
I we provide a compact presentation of the current observational constraints, in Table II the relevant values of the
information criteria, while in Fig. 1 and 2 we plot the 1σ, 2σ and 3σ confidence contours in various planes for the AS
cosmological model.
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FIG. 1: The 1σ, 2σ and 3σ of the AS cosmological model for various parameter combinations using the parameter space
(Ωm0, A, h,M). Also, we provide the mean values of the parameters located in the 1σ area of the MCMC chain. Here we
combine H(z)/Pantheon/QSOs data.
We would like to remind the reader that in order to obtain the aforementioned constraints we imposed b = 2.08,
however, we also checked various other values of b in a range close and above the theoretically limiting IR value b = 2.
We found that the observational constraints of the AS model remain practically the same.
It is worth mentioning that our H(z)/Pantheon/QSOs/CMBshift best fit values are in agreement with those of
Planck 2018 [10] (see also [11]). Regarding the well known Hubble constant problem, namely the observed Hubble
constant H0 = 73.48 ± 1.66 Km/s/Mpc found by [59] is in ∼ 3.7σ tension with that of Planck H0 = 67.36 ± 0.54
Km/s/Mpc [10], we find that the H0 value extracted from the AS model is closer to the latter case. In order to
appreciate the impact of the H0 measurement [59] in constraining the AS model, we check that the observational
constraints (including H0) of the combined H0/H(z)/SnIa/QSOs/CMBshift statistical analysis are compatible within
1σ with those of H(z)/SnIa/QSOs/CMBshift. In particular in the case of H0/H(z)/SNIa/QSOs/CMBshift we find
(Ωm0, A, h,Ωb0h
2,M) = (0.291± 0.008 , 0.145+0.072−0.071 , 0.6975± 0.0084 , 0.0223± 0.0002 , −19.379± 0.018).
Furthermore, we calculate the acceleration parameter and the transition redshift. In order to calculate the latter
quantities, we utilize the best fit parameters provided by the combination of the cosmological probes (see Table
I). In Fig. 3 we show the evolution of the reconstructed EoS wDE for H(z)/Pantheon/QSOs (upper panel) and
H(z)/Pantheon/QSOs/CMBshift (lower panel) respectively. First of all, we observe that the ΛCDM value wΛ(z) = −1
is inside the 1σ area in the solution space of the AS model. In the case of H(z)/Pantheon/QSOs, the today’s value
of the acceleration parameter is q0 = −0.595 ± 0.029 and the EoS parameter at the present epoch is wDE0 =
−0.927 ± 0.070. In this context, the transition redshift is found to be zt = 0.737 ± 0.056. For the combination
H(z)/Pantheon/QSOs/CMBshift we find q0 = −0.546± 0.015, wDE0 = −1.038± 0.046 and zt = 0.669± 0.028. These
kinematic parameters are in agreement (within 1σ uncertainties) with those of Haridasu et al. [60] who found, using
a model independent way, zt = 0.64
+0.18
−0.09 and q0 = −0.52± 0.06. The latter is another indicator of the robustness of
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the AS Swiss cheese model.
FIG. 2: The 1σ, 2σ and 3σ of the AS cosmological model for various parameter combinations using the parameter space
(Ωm0, A, h,Ωb0h
2,M). Also, we provide the mean values of the parameters located in the 1σ area of the MCMC chain. Here
we combine H(z)/Pantheon/QSOs/CMBshift data.
V. CONCLUSIONS
We study a novel cosmological model introduced in [18], which seems to solve naturally the dark energy issue
and its associated cosmic coincidence problem of recent acceleration without the need to introduce extra scales or
fine-tuning. The solution is based on the existence of anti-gravity sources generated from infrared quantum gravity
modifications at intermediate astrophysical scales (galaxies or clusters of galaxies) according to the Asymptotic Safety
(AS) program. A Swiss cheese metric has been used to extract the cosmological evolution as the result of the total
repulsive effects inside the structures.
Here, we have used the most recent observational data sets, namely H(z), SnIa (Pantheon), QSOs, BAOs and CMB
shift parameters from Planck in order to constraint the free parameters of the AS cosmological model. We found
that the AS cosmological model is very efficient and in excellent agreement with observations. The derived energy
density of matter from the AS model is compatible with the corresponding quantity derived imposing the concordance
cosmology from the CMB angular power spectrum. Also, the AS model supports a smaller value of Hubble constant
than the value obtained from Cepheids. Specifically, the best fit value for H0 in the AS model is closer to the Planck
value.
We also reconstruct the equation of state parameter as a function of the redshift using the derived values of the free
parameters. The today’s value of the equation of state parameter is close to w = −1. The transition redshift and the
current value of the deceleration parameter derived here are compatible with the analogous values derived without
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FIG. 3: The evolution of the effective dark energy equation of state parameter wDE(z) with the corresponding 1σ and 2σ
uncertainties. In the upper panel we use the best fit values from the combination H(z)/Pantheon/QSOs, while in the lower
panel we utilize those of H(z)/Pantheon/QSOs/CMBshift. The dashed line corresponds to ΛCDM value w = −1. Notice
that we use the open source Python package uncertainties, in which the uncertainties are calculated by using first order error
propagation theory from [61].
Model Ωm0 A h Ωb0h
2
M χ2min/dof
H(z)/Pantheon/QSOs
AS model 0.270+0.019−0.018 −0.122
+0.117
−0.106 0.684
+0.013
−0.012 - −19.400
+0.034
−0.035 84.463/96
ΛCDM 0.281+0.016−0.015 - 0.686 ± 0.013 - −19.403 ± 0.035 85.700/97
H(z)/Pantheon/QSOs/CMB shift
AS model 0.303 ± 0.001 0.065+0.079−0.077 0.685 ± 0.009 0.0223 ± 0.0002 −19.404 ± 0.020 89.774/98
ΛCDM 0.307+0.008−0.007 - 0.679 ± 0.006 0.0223 ± 0.0001 −19.415 ± 0.015 90.340/99
TABLE I: The observational constraints of the cosmological parameters and the corresponding χ2min/dof for the AS cosmology
and ΛCDM, where dof are the reduced degrees of freedom, that is N − ω, with N the total number of data points and ω the
length of the statistical vector.
any assumptions for the underlying cosmology in the literature.
By comparing the concordance ΛCDM model and the considered AS model in terms of the fitting properties using
a variety of information criteria, we conclude that the AS model is statistically equivalent with that of ΛCDM. To
our view, this is an important result because the AS model, unlike the majority of the cosmological models, does not
include new fields in nature, hence it can be seen as a viable alternative cosmological scenario towards explaining the
accelerated expansion of the universe. Finally, despite the fact that the AS scenario is statistically equivalent with
that of ΛCDM at the expansion level, the two models are expected to have differences at the perturbation level.
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Model AIC ∆AIC BIC ∆BIC DIC ∆DIC
H(z)/Pantheon/QSOs
AS model 92.889 0.937 102.884 3.369 92.409 0.738
ΛCDM 91.952 0 99.515 0 91.671 0
H(z)/Pantheon/QSOs/CMB shift
AS model 100.419 1.653 112.948 4.068 99.568 1.33
ΛCDM 98.766 0 108.879 0 98.238 0
TABLE II: The information criteria values AIC, BIC, DIC for the AS cosmology and ΛCDM along with the corresponding
differences ∆IC ≡ IC− ICmin.
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Appendix
Here we combine BAOs in a joint analysis with the other probes (Cosmic Chronometers, SnIa, QSOs, CMB shift
parameters) in order to test the performance of our results appeared in section IV. In this case the total χ2tot is given
by
χ2tot = χ
2
CC + χ
2
SnIa + χ
2
QSO + χ
2
CMB + χ
2
BAO . (5.1)
The quantities χ2SnIa, χ
2
QSO, χ
2
CMB are defined in section IIIA, while χ
2
CC is given by Eq. (3.3), where we have used
H(z) measurements from the differential ages of passively evolving galaxies (Cosmic Chronometers). To this end,
χ2BAO is written as
χ2BAO = DC
−1
covD
T , (5.2)
where D = {λ(z1, φω)−d1,obs , ... , λ(zN , φω)−dN,obs} and C−1cov is the corresponding covariance matrix. In the latter
expression, λ(zi, φ
ω) is defined as follows
λ(zi, φ
ω) =


DV rd,fid/rd , 1 ≤ i ≤ 4
DA/rd , 5 ≤ i ≤ 9 ,
DM/rd , i = 10
(5.3)
where
DM =
DL(z, φ
ω)
1 + z
(5.4a)
DA =
DL(z, φ
ω)
(1 + z)2
(5.4b)
15
z λ σλ rd,fid (Mpc) Ref
0.122 539.0 Mpc 17.0 147.5 [64]
0.44 1716.40 Mpc 83.00 148.6 [65]
0.60 2220.80 Mpc 101.00 148.6 [65]
0.73 2516.00 Mpc 86.00 148.6 [65]
0.32 6.67 0.13 148.11 [66]
0.57 9.52 0.19 148.11 [66]
1.19 12.6621 0.9876 147.78 [67]
1.50 12.4349 1.0429 147.78 [67]
1.83 13.1305 1.0465 147.78 [67]
2.40 36.0 1.2 - [68]
TABLE III: The BAOs dataset.
DV =
[
cD2A z(1 + z)
2
H(z, φω)
]1/3
. (5.4c)
The quantity rd is the standard ruler, a characteristic length scale of the over-densities in the distribution of
matter, therefore Baryonic Acoustic Oscillations are affected by the standard ruler. For the concordance ΛCDM
model, it is known that rd is equal to the co-moving sound horizon rs at the redshift of the baryon drag epoch.
However, for other cosmological models the situation concerning rd might be different [62]. Following the notations
of [63], it seems natural to treat rd as a free parameter. In this case the statistical vector takes the following form
φω = (Ωm0, A, h,Ωb0h
2,M, rd). In Table III we list the BAOs data along with the corresponding references. The final
column of Table III includes rd,fid which is the sound horizon of the fiducial model (ΛCDM) used in order to extract
the data. Notice that the corresponding covariances can be found in [65], [66] and [67]. The quantity λ stands for the
observable quantity in each case, defined by Eq. (5.3), while σλ is the relative uncertainty.
As it turns out, the overall likelihood function peaks at Ωm0 = 0.308±0.09 , A = 0.0559+0.0792−0.0777 , h = 0.6802+0.0092−0.0091 ,
Ωb0h
2 = 0.0222±0.0002 ,M = −19.416±0.010 and rd = 143.272+1.967−1.936Mpc, while the relevant χ2min/dof = 91.579/102.
In order to verify the robustness of our results, we explored the effect of using different data set, i.e. after excluding
WiggleZ and data from BOSS DR12 [66], while adding data from Ref. [25] instead. We explicitly verify that our
observational constraints remain unaltered.
In Fig. 4 we visualize the solution space by showing the 1σ, 2σ and 3σ confidence contours for various parameter
pairs. Evidently, there is 1σ compatibility between the aforementioned results with those of Section IV (see also Table
I). Finally, it is interesting to mention that our result regarding rd is in agreement with the independent measurement
provided by Verde et al. [62], namely rindd = 141.0± 5.5 Mpc.
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